SOME IMPORTANT INEQUALITY

We have learned from previous files to transform algebraic expressions. With suitable
transformations we can achieve to have conclusion on the sign of these expressions,
that is, to claim with certainty that the expression is positive or negative for all

values of variables that occur in it.

1) x*>0 for all XeR Square of an expression is always positive or zero (for x = 0)

Examples: — x” +4x+4=(x+2)*>0 for VxeR
— —a*+2a-1=—(a-1)> <0 for VaeR

— x*—xy+y° >0 because

»\ (Y AN v\ | 3y
B I B ) B R o T it [Py Gt
YMo) Tl Y 2) 47 2) T4

2 2
(x—zj >0 and 3L20,
2 4

4y 42743

2) > 2x+y+z
Proof:
x=-D>+(-D’+(z=-1)>=0
(x=1>>0 ¥ =2x+14+y* =2y +14+2°=22z+1>0
(y-1>=0 = X+ 427 +322x+2y+2z
(z-1>>0 X+ 427 +322(x+y+2)
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3) Demonstratethat Va>0 = a+—2>2

Proof:

(a-1°>0
a’-2a+120
a*+1>2a/:a
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4) Prove that for Vx>0and Vy >0 is \/E < (geometric middle < arithmeticalmiddle)

Proof:

Wrey5) 20
a4 20
xX=2Jxy+y=20
x+y=2\@/:2
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Of course, equalityis if x=y.

a+b+c?

5) Demonstrate that: Vx,y,z (0<x,0<y,0<z2) = 3xyz < 3

, x=a
Proof: First to replace /

y=b’
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3abc<ad’ +b* +¢*

@’ +b’+c —3abc>0
Howis: @’ +b’ +c’ —3abc=(a+b+c)a’ +b* +c* —ab—bc—ac)

From here we have a+b+c>0 certainly, because 0<x,0<y,0<z

and @’ +b* +c> —ab—bc—ac :%[(a—b)z +(b-c)’ +(c—a)’|20
. . . (13 +b3 +C3 X+Vv+z
So the product of two such expression is > 0 and is: abc < — So: 3fxyz < rryrz
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Sign =1is if x=y=1z



